TWISTED NOVIKOV HOMOLOGY AND JUMP LOCI IN FORMAL 
AND HYPERFORMAL SPACES 



TOSHITAKE KOHNO AND ANDREI PAJITNOV 

Abstract. Let X be a finite CW complex, and p : tti (X) ^ GL(n, C) 
a representation. Any cohomology class a E H^(X, C) gives rise to 
a deformation 7t of p defined by 7t(g) = p{g) exp(t(Q;, g)). We show 
that the cohomology of X with local coefficients jgen correspond- 
ing to the generic point of the curve 7 Is computable from a spectral 
sequence starting from H*{X,p). We compute the differentials of 
the spectral sequence In terms of the Massey products. We show 
that the spectral sequence degenerates In case when X Is a Kahler 
manifold, and p Is seml-slmple. 

If a 6 H^(X, M) one associates to the triple (X, p, a) the twisted 
Novlkov homology (a module over the Novlkov ring). We show that 
the twisted Novlkov Bettl numbers equal the Bettl numbers of X 
with coefficients In the local system jgen- We Investigate the de- 
pendance of these numbers on a and prove that they are constant 
in the complement to a finite number of integral hyperplanes in 
H^{X,R). 



1. Introduction 

Let X be a finite connected CW-complex; denote its fijndamental 
group by G. Let p : G ^ GL{n, C) be a representation. Any coho- 
mology class a G H^{X, C) gives rise to the following deformation of 

P- 

It-G^ GL(n, C), 7t(5) = e^^^'^VC^)- 

The cohomology groups of X with local coefficients 7^ are isomor- 
phic for all t except a subset containing only isolated points. The 
cohomology group H*{X, jgen) corresponding to the generic point of 
the curve jt is the first main object of study in the present paper. 
We prove that there is a spectral sequence J^* starting from the ho- 
mology of X with coefficients in p, converging to H*{X,jgen), and 
the differentials in this spectral sequence are computable in terms 
of some special higher Massey products with a. The first differential 
in this spectral sequence is the homomorphism of multiplication 
by a in the p-twisted cohomology of X . 

I 
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This type of spectral sequences appeared in the paper of S.P. Novikov 
II II in the de Rham setting. It was generalized to the case of coho- 
mology with coefficients in a field of arbitrary characteristic in the 
paper 1 13| of the second author. Our present construction is close to 
the original ideas of S.P. Novikov. The main technical novelty of our 
present approach is the systematic use of formal exponential defor- 
mations, see §§ [31 SI this allows to avoid the convergency issues for 
power series. 

If p is the trivial representation, the differentials in the spectral 
sequence above are the usual Massey products in the ordinary coho- 
mology with slightly reduced indeterminacy: dr{x) = {ex, . . . ,a,x), 
see § [3l Thus the spectral sequence degenerates when the space X 
is formal, by the classical argument of P. Deligne, Ph, Griffiths, J. 
Morgan, D. Sullivan i3J which applies here as well (§ [3). 

In case when p is not trivial the situation is more complicated. 
The spectral sequence degenerates in particular when X is a Kahler 
manifold and p is a semi-simple representation Prop. 16.61 . The 
proof uses C. Simpson's theory of Higgs bundles |17|, see also the 
work of H. Kasuya |8|. In this case we have 

Ker X^/Im « H*{X, 7gen). 

We introduce a class of hyperformal spaces for which all the spec- 
tral sequences corresponding to 1 -dimensional representations 
degenerate in their second term. 

If CK is a real cohomology class, there is another geometric con- 
struction related to p and ex, namely, the twisted Novikov homology 
introduced in the works of H. Goda and the second author see |6|, 
111 51 . This construction associates to X, p and a a module over the 
Novikov ring Lm,a- The rank and torsion numbers of this module 
are called the twisted Novikov Betti numbers and twisted Novikov tor- 
sion nwnbers; they provide lower bounds for numbers of zeros of any 
Morse form belonging to the de Rham cohomology class cx (see ^ for 
details) . These invariants detect the fibered knots in as it follows 
from the recent work of S. Friedl |5|. For a given space X and the 
representation p the Novikov numbers depend on the cohomology 
class (X G M). The case of the torsion numbers was studied 

in |T4 1 and 1 1 5 1 . It is proved there that the torsion numbers are con- 
stant in the open polyhedral cones formed by finite intersections of 
certain half-spaces in M", where n = rki?^(X, Z). Similar analysis 
applies to the Novikov Betti numbers, which are of main interest to 
us in the present work. We prove in ^ that these numbers do not 
depend on a in the complement to a finite number of proper vector 
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subspaces. In general the set of all a for which the Novikov Betti 
number b^{X,a.) is greater by q than the generic value (the Jump 
loci for the Novikov numbers) is a union of a finite number of proper 
vector subspaces, see ^ Prop. 18.61 

It is known that the Novikov homology and the homology with local 
coefficients are related to each other. This was first observed in the 
paper 1121 of the second author, see also Novikov 1111 . Similar result 
holds also for the twisted Novikov homology, namely we prove (see 
Prop, that for a G H^iX, R) we have 

This implies several corollaries about both families of numerical in- 
variants. On one hand for given p and cx the jumping loci for fB^iX, p, a) 
are unions of integral hyperplanes. On the other hand the twisted 
Novikov Betti numbers are computable from the Massey spectral se- 
quence. In the case of degeneracy of this spectral sequence, they 
equal the dimension of its second term. 



2. Exact couples 

In this section we recall the definition of the spectral sequence of 
an exact couple (following |9|, |7|) and give an equivalent description 
of the successive terms of the spectral sequence, which will be useful 
in the sequel. 

Let ^ = {D, E, i, j, k) be an exact couple, so that we have an exact 
triangle 

D 

E 

We will usually abbreviate the notation to ^ = (D, E^ and call D and 
E the first, respectively the second component of the exact couple. 
Following W. Massey we define the derived exact couple setting 

i;' = Ker (jfc)/Im (jfc), D' = i{D) 

and defining j', k' suitably. Iterating the process we obtain a se- 
quence of exact couples 'ior = (Dr, Er), the initial couple being num- 
bered as ^1 ; this sequence is called the spectral sequence associated 
to the exact couple ^. 

We will need an alternative description of the groups Er and the 
maps jr , kr . 
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Definition 2.1. 1) For r ^ 2 let Zr be the subgroup of all ele- 
ments X E E, such that k(x) = i^~^(y) for some y £ D. We 
put Zi = E. 

2) For r ^ 1 let Br be the subgroup of all elements z £ E, such 
that z = for some y E D with = 0. 

The following properties are easy to check: 

Zi = E D Z2 = Ker (jk) D Z3 . . . D Zr D Zr+i . . . 
Bi = {0} C B2 = Im (jk) C B3 C . . . C C B^+i C . . . 
-Bi C Zj for every i, j. 

Put 

= Zr/Br, Dr = Im i''. 

Define a homomorphism kr : Er —> Dr setting kr(x) = k(x) for 
every x £ Zr. Define a homomorphism : Dr ^ Er as follows: if 
a? G i^r and a; = i^iy), then put jV(a^) = [jiy)]- It is easy to check 
that these homomorphisms are well-defined and give rise to an exact 
couple % = (Dr,Er): 

Dr ^Dr 




Er 



The proof of the next is in a usual diagram chasing: 

Proposition 2.2. The exact couples "^r cmd "^r ore isomorphic for any 
r. □ 

3. Formal deformations of differential algebras and their 

spectral sequences 

Let 

be a graded-commutative differential algebra (DGA) over a field IK of 
characteristic zero. Let J\f* be a graded differential module (DGM) 
over A* (that is, Af* is a graded module over A* endowed with a 
differential D which satisfies the Leibniz formula with respect to the 
pairing A* x A/"* A/"*). We will use the same symbol d to denote the 
differentials in both A* and Af*, since no confusion is possible. We 
denote by the algebra of formal power series over A* endowed 

with the differential extended from the differential of A*. Let £ G A^ 
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be a cocycle. Consider the A* [[t]] -module A/'*[[t]] and endow it with 
the differential 

DtX = dx + t$^x. 

Then A/'*[[t]] is a DGM over and we have an exact sequence 

of DGMs: 

(1) J^*M\ — AA*[[t]] Af* 

where tt is the natural projection t i 0. The induced long exact 

sequence in cohomology can be considered as an exact couple 

(2) H*{Af*[[t]]) ^H*{Af*[[t]]) 




H*{Af*) 



Proposition 3.1. The spectral sequence induced by the exact couple 
^ depends only on the cohomology class of ^. 

Proof. Let ^1,^2 G be cohomologous cocycles, ^1 = ^2 + df 
with / G A°. Let Dt = d + t^i, = d + t^2 be the correspond- 
ing differentials. Multiplication by e*-^ G ^°[[^]] determines an iso- 
morphism F : J\f*[[t]] •^*[[t]]' commuting with the differentials, 
namely F{DtUj) = ID^{F{uj)). Thus the exact sequences (T) corre- 
sponding to ^ and T] are isomorphic, as well as the exact couples (2) 
and their spectral sequences. □ 

Definition 3.2. Put cx = [$]. The spectral sequence associated to the 
exact couple (2) is called deformation spectral sequence and denoted 
by ^*{J\f*, a). If J\f* and a are clear from the context, we write ^* 
instead of {Af* ,a). 

We will compute the differentials in this spectral sequence in terms 
of special Massey products. Denote by 

: H*iJ\f*) H*iJ\f*) 

the multiplication by a. It is clear that 

J^* = Ker La/lm L^. 

Let a G H*{J\f*). An r -chain starting froma is a sequence of elements 
G Af* such that 



duJi = 0, [cJi] = a, dW2 = ^<-fl, • • • , duJr = ^Cx^r-l* 
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For an r-chain C put dC = ^uj^, this is a cocycle in Af*. Denote 
by MZJ^^ the subspace of all a G H*(Af*) such that there exists an 
r -chain starting from a. Thus 

MZ^) = H*{Ar*), MZ"^^ = Ker (l^ : H'^^M*) Jf"^+^(AA*)) . 

Denote by MB"^^ the subspace of all /3 G H*{Af*) such that there 

exists an (r — l)-chain C — (wi, . . . jW^-i) with ^a;^ belonging to (3. 
By definition 

MS[^) = 0, MB^) = Im (Lc, : H'^-^Af*) J3""^(AA*)). 
It is clear that MB^^ C MZ^^ for every Put 

Mi/(7) = MZ^^/MB'^y 

In the next definition we omit the upper indices and write MH^r), MZ(^r) 
etc. in order to simplify the notation. 

Definition 3.3. Let a G H*{jV*), and r ^ 1. We say that the (r + 1)- 
tuple Massey product a) is defined, if a G MZ(^r)- In this 

case choose any r-chain (wi, . . . , ujr) starting from a. The cohomol- 
ogy class of dC = ^ujr is in MZ^r) (actually it is in MZ^n) for every 
AT) and it is not difficult to show that it is well defined modulo MB(^r)- 
The image of dC in MZ(^)/MS(^) is Ccilled the (r + 1) -tuple Massey 
product of £ and uj: 

(|,a)(,+i) = Jv— ^i' " ) ^ MZ^r)/MB^r). 

r 

Example 3.4. The double Massey product {£,a)(2) equals £a, the 
triple Massey product {^,a)(3) equals the cohomology class of £u?2 
where du}2 = [wi] = a, etc. 

The correspondence a > {£,a)(r+i) gives rise to a well-defined 

homomorphism of degree 1 

The next proposition is proved by an easy diagram chasing argu- 
ment. 

Proposition 3.5. For any r we have = 0, and the cohomology 
group H* {MH^^s^ , A^ ) is isomorphic to Mi?^*^_,_j^ . □ 

Theorem 3.6. For any r ^ 2 there is an isomorphism 

(f> : mh; , ^* 
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commuting with differentials. 

Proof. Recall from Section [2] a spectral sequence :F* isomorphic 
to :F* . It is formed by exact couples 

Dr 




where = H*{Af*), Dr = Im {t''-^ : D ^ Dj, and Er = Zr/Br 
(the modules Z^, Br are described in the definition 12. l\ . 

Lemma 3.7. 1) MZ^r) = Zr, 2) MB^r) = Br. 

Proof. We will prove 1), the proof of 2) is similar. Let <^ G H*{J\f*) 
and 2 be a cocycle belonging to Then 6{C) equals the cohomology 
class of e j\f*[[t]]; and C G -^r if and only if there is ^^ e J\f*[[t]] 
such that 

(3) - Dtfi e r-^J\f*[[t]]. 

This condition is clearly equivalent to the existence of a sequence of 
elements /^o? /^i? • • • G such that 

(4) ^z = dfiQ, and dfii + ^Hi-i = for every ^ i ^ r — 2. 

The condition (4) is in turn equivalent to the existence of an r-chain 
starting from □ 

The Lemma implies that E* « MH*^^ and it is not difficult to prove 
that this isomorphism is compatible with the boundary operators. □ 

In view of the Proposition 13.11 we obtain the next Corollary. 

Corollary 3.8. Let ^ ^ be a cocycle. The graded groups MH*^^ 
defined above depend only on the cohomology class of ^, which will 
he denoted by a. □ 

Therefore the differentials in the spectral sequence {^*} are equal 
to the higher Massey products with the cohomology class of ^. Ob- 
serve that these Massey products, defined above, have smaller inde- 
terminacy than the usual Massey products. The second term of the 
spectral sequence is described therefore in terms of multiplication 
by the cocyle [$] . It is convenient to give a general definition. 
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Definition 3.9. Let /C* be a differential graded algebra, and 6 be an 
element of odd degree s. Denote By Lg : K* ^ /C*+* the homomor- 
phism of multiplication by 0. The quotient 

Ker Lff j Im Lq 

is a graded module which will be denoted by 7i*{K*,6) and called 
d-cohomology of K*. The dimension of 'H''(K*, 0) will be denoted by 
Bfe(/C*,0). 

We have therefore 

Tl{J\f%cx) « 'H*iH*{Af*),ct). 

Let us consider some examples, which will be important for the 
sequel. 

Example 3.10. Let K* = A*. The homomorphism is the mul- 
tiplication by a in the cohomology H*{A*), and the differentials in 
the spectral sequence are the higher Massey products induced 
by the ring structure in H*{A*). 

Example 3. 1 1. Let A* be a DGA £ind rj £ A^hea cocycle. Endow the 
algebra A* with the differential defined by the following formula: 

dr,{x) = dx -\- T]x; 

we obtain a DGM over A, which we will denote by A*. For an element 
a G H^(A*) we obtain a spectral sequence ^* with 

^* = H*(A*); ^* - n*(H*(A*),(x). 

Example 3.12. Let M be a connected C°° manifold, and E be an 
n-dimensional complex flat bundle over M. Denote by p : tti (M) — > 
GL(n,C) the monodromy of E. Let A*(M) be the algebra of com- 
plex differential forms on M. The space A*{M, E) of the differential 
forms with coefficients in £^ is a DGM over A*{M); its cohomology is 
isomorphic to the cohomology H* (M, p) with local coefficients with 
respect to the representation p. We obtain a spectral sequence 
with 

^* = H*{M,p); = n*{H*{M,p),a). 

Now let us consider some cases when the spectral sequences con- 
structed above, degenerate in its second term. Recall that a differ- 
ential graded algebra A* is called formal if it has the same minimal 
model as its cohomology algebra. Here is a useful characterization 
of minimal formed algebras. 
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Theorem 3.13. (P. Deligne, Ph, Griffiths, J. Morgan, D. Sullivan, |3|, 
Th. 4.1) Let A* be a minimal algebra over a field of characteristic 
zero, generated (as a free graded-commatative algebra) in degree k 
by a vector space T4; denote by C 14 the subspace of the closed 
generators. The algebra A* is formal if and only if in each T4 there is 
a direct complement to Ck in Vk, such that any cocycle in the ideal 
generated by ®kiNk) is cohomologous to zero. 

This theorem leads to the proof of the well-known property that in 
formal algebras all Massey products vanish (see |3|). We will show 
that a similar result holds for the special Massey products intro- 
duced above, for the setting of the Example 13. lOi 

Theorem 3.14. Let A* be a formal diffierential algebra, ol G H^{A*). 
Then the spectral sequence J^*{A*, ex) degenerates at its second term 

^; = n*{H*{A*),cx). 

Proof It suffices to establish the property for the case of formal 
minimal algebras. Let A* be a formal minimal algebra with the space 
of generators Vk in dimension k decomposed as Vk = Ck ® Nk, 
see 13.131 We will prove that MZ(2) = MZ(3) = . . . = MZ(^) and 
MB (2) = MB(3) = . . . = MB(^r) for every r ^ 2. 

Choose ^ E representing ex G H^{A*). Let a G Zr, and C = 
) be an r-chain starting from a. so that 

doJi = 0, [cJi] = a, du:2 = $,^11 • • • ? dujr = $,u:r-i' 

Denote by A the algebra generated by the space of closed generators 
d, so that M = A® I{N,). Write a;, = + 0;^ with G A, cj^ G 
I(N^). Then ^ujr-i = duj^, and 

d{^u:l) = di^UJr) = ^V-i = 0, 

so that ^ujI is a cocycle belonging to I{N^). Therefore ^lj^ = dujr+i 
for some ujr+i G /(AT*) and we obtain an (r + 1) -chain starting from 
a, so that a G MZ(^r+i)- 

A similar argument shows that B2 — Br for every r ^ 2. Therefore 
the spectral sequence degenerates at the term E2. □ 

The next proposition gives a sufficient condition for the degeneracy 
of the spectral sequence associated with a DGM over a DG-algebra 
A* . It will be used in Section [6] while studying the case of Kahler 
manifolds. 

Definition 3.15. A DG-module J\f* over a DO algebra A* is called 
formal if it is a direct summand of a formal DGA B* over A*, that is, 

(5) B* =J\f*® K*, 



10 



TOSHITAKE KOHNO AND ANDREI PAJITNOV 



where both M* and K* are DG-submodules of B*. 

Proposition 3.16. LetAf^ be a formal DG-module over A^, and a G 
H^{A*). Then the spectral sequence ,^*{J\f*,cx) degenerates at its 
second terms. 

Proof. The direct sum decomposition (5) implies that 

the spectral sequence J^*{B*, ex) degenerates by the previous propo- 
sition and the result follows. □ 

4. A SPECTRAL SEQUENCE CONVERGING TO THE TWISTED HOMOLOGY 

Let X be a connected topological space, G = 7ri(X). Let B be 
an integral domain and p : G ^ GL(n, B) a representation. The 
cohomology of the cochain complex C*{X,p) = HomG(C*(X), S") 
is a S -module called the twisted cohomology of X with respect to p 
and denoted by H*{X,p). Denote by {B} the fraction field of B. 
The dimension over {B} of the localization H^{X, p) ^ {B} will be 
called the k the Betti number of X with respect to p and denoted by 
f3kiX,p). 

Let us start with a given representation p : G ^ GL(n, C), pick a 
cohomology class a G H^{X, C) and consider the exponential defor- 
mation of p: 

7t:G^GL(n,C), = p(^)e*<"'«> (t G C). 

It is not difficult to prove that for a given k the Betti number l3k{X, jt) 
does not depend on t in the complement to some subset 5^ C C 
consisting of isolated points. Let A = C[[t]] and consider the repre- 
sentation 7 of G defined as follows: 

7 : G ^ GL(n, A), 7(g) = p(g)e*<"'«> G GL(n, A) 

(where e*^"'^^ is understood as a formal power series). This represen- 
tation will be called formal exponential deformation of p. It is clear 
that 

f3kiX, 7) = /3fc(X, 7,) for t ^ 5fc. 

Thus the Betti number corresponding to the generic point of the 
exponential deformation curve equals the Betti number of X with 
respect to the formal exponential deformation. The exact sequence 
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gives a short exact sequence of complexes 

. C*(X,7) — C*(X,7) C*{X,p) ^ 

which in turn induces a long exact sequence in cohomology, that 
can be interpreted as an exact couple 

(6) H* {X, 7) H* {X, 7) 




H*iX, p) 

Denote by ^*{X, p, a) = (U*, W*) the induced spectral sequence. 

Proposition 4,1, LetX be a finite connected CW-complex. Then 

dime = (3k{X, 7) = (3k{X, 7^) for generic t. 

Proof. The ring A is principal, and the A-module H* [X, 7) is a 
finite direct sum of cyclic modules. Only the free summands sur- 
vive to Eoo and the contribution of each such summand to dime 
equals 1. □ 

5. Comparing the two spectral sequences 

We are interested in the formal deformations of differential alge- 
bras related to topological spaces, mainly manifolds. Let M be a 
connected C°° manifold, and E a flat n-dimensional vector bundle 
over M. Denote 7ri(M) by G, and let p : G GL(n,C) be the 
monodromy representation of E. 

In this section we will work with the module J\f* = A*{M,E) of 
-valued C°° differential forms on M. This vector space is a DGM 
over the algebra A*{M) of the C-valued C°° differential forms on M. 
Let (X G H'^{M). The corresponding exact couple 

(7) H*[M*[[t]]) ^H*(Af*[[i\]^ 




H*{M*) 



gives rise to the deformation spectral sequence ^*{Af*,a) (see fj3). 
Let 7 be the formal exponential deformation of p corresponding to 
the class cx: 



l{9) = G GL(n, A), A = C[[t]]. 
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We associate to this deformation the spectral sequence ^*(M, p, a) 
(see S). 

Theorem 5.1. The spectral sequences ^*{J\f*,a) and ^*{M, p,a) 
are isomorphic. 

Proof. The A*(M)-module A*{M, E) [[t]] can be considered as the 
vector space of exterior differential forms on M with values in 
Let 77 : M ^ M be the universal covering of M. The vector bundle E 

is isomorphic to M x and 'k*E « M x Denote by T*{M) the 

p ^ 

A*(M)-submodule of A*(M, C"[[t]]), consisting of the differential 
forms on M which are equivariant with respect to the representation 
7. Choose a closed 1-form ^ within the class ol. Let F : M ^ C be a 
C°° function such that tt*^ = dF. The next lemma is obvious. 

Lemma 5,2. The homomorphism 

* : A*{M,E)[[t]] T*(M); ^(lj) = e*^7r*(w) 

is an isomorphism of DG-moduies over A*{M) . □ 

For a manifold N we denote by S^{N) the graded group of all 
singular C°° -chains on N. The integration map determines a homo- 
morphism 

/ : r*(M) HomG(<S,°°(M),C"[[t]]). 

Here C"^[[t]] is endowed with the structure of a G-module via the 
representation 7 : G ^ GL(n, A). 

Proposition 5.3. The induced map in the cohomology groups 

r : H*{r*{M)) /f*(M,7) 

is an isomorphism. 

Proof. The argument follows the usual sheaf- theoretic proof of the 
de Rham theorem. Consider the sheaf on M whose sections over 
an open subset U <Z M are 7-equivariant fc-forms on 7r~^(t/) with 
values in C"^[[t]]. Denote by A the sheaf on M, whose sections over 
U are 7-equivariant locally constant functions tt~^{U) C"[[t]]. We 
have an exact sequence of sheaves 

(8) 7?.i = {0 A 7^ — . . .}. 

Consider the sheaf Z* of 7-equivariant singular cochains: 

Z*{U) = HomG{s^i7r-\U)),C-[[t]]). 
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The sequence 

(9) 7?.2 = {0 A S° — . . .} 

(where 6 is the coboundaiy operator on singular cochains) is also 
exact, and we have two soft acyclic resolutions of the sheaf A. The 
integration map / induces a homomorphism IZ^ IZ2 which equals 
identity on A. The standard sheaf-theoretic result implies that the 
induced homomorphism in the cohomology groups of the complexes 
of global sections is an isomorphism (see for example \ , Corollary 
3.14). The proof of the Proposition is complete. □ 
The isomorphism 

o : H*(^A*{M,E)[[t]]^ H*{M,j) 

induces an isomorphism of the exact couple 

(10) H*(^A*{M,E)[[t]]^ ^H*(^A*{M,E)[[t]]^ 



to the exact couple 
(11) H*{M,j) 




H*{M, E) 

^ ^ H* (M, 7) 



H*{M, E) 

and therefore the isomorphism of the spectral sequences 

Now let us proceed to general topological spaces. The rational 
homotopy theory of D. Sullivan (see |18|, |3|, |2|) associates to a 
connected topological space X a minimal algebra A4*{X) over C, 
well defined up to isomorphism. 

Let (X G H^{X); we obtain a spectral sequence {A4* (X) , a) . 
It is not difficult to see that for the case when X is a C°° man- 
ifold, this spectral sequence is isomorphic to the one considered 
in the previous section. Indeed, we have a homotopy equivalence 
<p : Ai*{X) *- A*{X); the induced homomorphism of the spec- 
tral sequences 
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is an isomorphism in the second term Thus the two spectral 
sequences are isomorphic. 

Theorem 5.4. LetX be a finite CW complex. Then 

Proof. Let / : X ^ M be a homotopy equivalence of X to a C°° 
manifold M (possibly non-compact). Denote by cx' the (/~^)*-image 
of a. The map / induces a homotopy equivalence F : Ai*{X) 
A*{M) of DGAs. We obtain isomorphisms of the spectral sequences: 

(12) ^:{M*iX),a) « ^;(a*(M), (/-!)*(«)) 

(13) ^*{X, a) « ^*{M),a). 

Now apply Theorem 15. II and the result follows. □ 

Remark 5.5. Theorem 15.41 can be generalized to the case of local 
coefficients so as to obtain a result similar to Theorem 15. II in the 
setting of general topological spaces. 



6. Formal and hyperformal spaces 
The next theorem follows immediately from Theorems 15.41 and 

una 

Theorem 6.1. LetX be a finite connected CW-complex. Assume that 
X is formal. Then the spectral sequences 

^:{M*{X),a)^^*{X,a) 

degenerate at their second term. 

Thus the dimension of the homology of X with coefficients in a 
generic point of the exponential deformation of the trivial represen- 
tation can be computed from the multiplicative structure of the or- 
dinary homology. Namely, let a G H^{X, C) and let jt be the expo- 
nential deformation of the trivial representation: 

Itig) = e*<"'^>. 

Denote by bkiX,jgen) the Betti number of X with coefficients in a 
generic point of the curve jt< and let be the operation of multipli- 
cation by a in H^{X, C). The theorem above implies that 

The case of the spectral sequence p, a) where p : 7ri(X) 

GL{n, C) is a non-trivial representation, is more complicated and to 
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guarantee the degeneracy of the spectral sequence a stronger con- 
dition is necessary. Let us first consider the case of 1 -dimensional 
representations p. Let M be a connected C°° manifold. Denote by G 
the fundamental group of M, let Ch{G) be the group of homomor- 
phisms G ^ C* = GL(1,C). For a character p G Ch{G) denote by 
Ep the corresponding flat vector bundle over M. Put 

A*(M)= A-'iM.Ep). 

pech(G) 

The pairing Ep® E^^ ~ Ep^^ induces a natural structure of a differ- 
ential graded algebra on the vector space A*{M). 

Definition 6.2. A C°° manifold M is hyperformal if the algebra 
A*{M) is formal. 

Theorem 6.3. Let M be a hyperformal manifold, p G Ch{G) and 
OL G {M, C) . Then the spectral sequences 

^''{M*{M),p, a) « ^*(M, p, a) 

degenerate in their second term. 

Proof The DG-module A*{M,Ep) is formal; apply Proposition 
13. 161 and the proof is over. □ 

Denote by bi,{M, p,jgen) the fc-th Betti number of M with coeffl- 
cients in a generic point of the curve 

Corollary 6.4. Let M be a hyperformal manifold, p G Ch{G), and 
(X G H'^{M,C). Then 

bkiM,p,jg,r,) = BkiH*{M,p),(x). 

An big class of examples of hyperformal spaces is formed by Kahler 
manifolds, as it follows from C. Simpson theory of Higgs bundles 

azi. 

Theorem 6.5. Any compact Kahler manifold is hyperformal. 

Proof. Let p G Ch(7ri(M)). The flat bundle Ep has a unique 
structure of a harmonic Higgs bundle (see 1 1|, 1 17|); the exterior dif- 
ferential Dp in the DG-module A* (M, Ep) writes therefore as Dp = 
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D'p + D'l^, and the natural homomorphisms of DG-modules 

(Ker {D'^),D-) 



induce isomorphisms in cohomology (see 1171 . Lemma 2.2 (Formal- 
ity)). Denote the DG-module (Ker {D'p),D'^) by Kp{M), and put 

/C*(M)= K,{M). 

pech(G) 

The multiplicativity properties of Higgs bundles imply that K* is a 
DG-algebra and we have the maps of DGAs: 



K*iM) 




A*{M) ®H*{M,Ep) 

p 

both inducing isomorphisms in cohomology. The theorem follows. □ 
Consider now the case of representations of higher rank. 

Proposition 6.6. LetM be a compact Kdhler manifold and p : 7Zi{M) 
GL(n, C) be a semi-simple representation. Then the DG-module A*{M, Ep) 
is formal. 

Proof. By 1171 , Theorem 1 there is a harmonic metric on the bun- 
dle Ep. The tensor powers of this metric provide harmonic metrics 
on the bundles E^'^ for any n ^ 1 . Put 

oo 

C;iM) = ^A*iM,E^-) 

n=0 

(where A*{M, Ef°) = A*{M) by convention). Then C*p{M) is a DG- 
algebra. The same argument as in the proof of Theorem 16.51 implies 
that this algebra is formal, and it remains to observe that A*{M, Ep) 
is a direct summand of £*(M). □ 
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7. On the Betti numbers of chain complexes over Laurent 

polynomial rings 

This section contains some preliminary algebraic results. We dis- 
cuss the Betti numbers of complexes over Laurent poljmomial rings 
in view of further applications to the Novikov Betti numbers and the 
homology with local coefficients. 

Let T be an integral domain and {T} be its fraction field. Let C* 
be a finite free chain complex over T: 

— {0 ^ Co ■< . . . -< Cfe ■< C'fc_|_i ^ • • •} 

The tensor product of this chain complex with {T} will be denoted 
by C* and the boundary operator in this complex will be denoted by 
9*. The Betti number 6fc(C*) is equal to 

dimCfc - rk^fc - rk^fc+i = rkC^ - rk^fc - rk^fc+i 

(where rk^^ stands for the maximal rank of a non-zero minor of the 
matrix of dk\. 

Let : T ^ t/ be a homomorphism to another integral domain. 
Denote by bkiC^, <p) the fc-th Betti number of the tensor product 
C* (8)0 {U}. Then hk{C^,(j)) ^ 6fc(C*). The inequality is strict if the 
</)-unages of all the rkQj. -minors of dk vanish, or if the 0-images of all 
the rk9fe+i-minors of 9fe+i vanish. In general, for q > the condition 
bfc(C*, 0) ^ 6fc(C*) + g is equivalent to the existence of a number i, 
with ^ i ^ q such that all the (rk^fc — i) -minors of 4>{dk) vanish 
and all the (rk^fc+i — {q — i))- minors of (f){dk+i) vanish. 

We are interested in the case of the Laurent polynomial rings. Let 
R be an integral domain and be a finite free chain complex over 
Lr^ = R[tf, ...,t^] = Let p : be a group homomor- 

phism, extend it to a ring homomorphism — >■ which will be 
denoted by the same letter p. 

Denote by Qm is the field of fractions of Lm, that is, the field of 
the rational functions in m variables with coefficients in the fraction 
field of R. 

Form the chain complex C* (gip Qm? and denote by bk{C^,p) the 
dimension of the vector space Hk(C^ (8)p Qm) over Q^. 

Observe that if p is injective, then bk(C^) = bk(C^,p). We will now 
study the dependance of bk{C^, p) on p. 

Definition 7.1. A subgroup G C Z" is called full if it is a direct 
summand of Z". We say that a homomorphism p : Z"^ — >■ 17^ is 
subordinate to a full subgroup G C Hom(Z"^, Z"*) and we write p c 
G, if cill the coordinates of p are in G. 
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Remark 7.2. Denote by K the subgroup of dual to G. Then 
p\Z G ii and only if p | K = 0. 

Theorem 7.3. Let C* be a finite free complex over L^. Let k ^ 
0,q > 0. Then there is a finite family of proper full subgroups Gi C 
Hom(Z'^,Z) such that for p G Hom(Z",Z"^) the condition 

bk{C^,p) ^ bk{C^) + qr 

is equivalent to the following condition: p \z Gifor some i. 

Proof. Let us do the case q = 1, the general case is similar. Let ^ 
denote the set of all the (rk^^) -minors of the matrix : Ck ^ Ck-i, 
and all the (rk^fc^i) -minors of the matrix dk+i : Ck+ik — )■ Cfc. Let 
A € ^, write A = j^gezr^ ' 9- 

According to our previous observation it suffices to study the set 
S of all homomorphisms p : Z'^ ^ Z"* such that p(A) = 0. Let 
r = supp A, this is a finite subset of Z^. Any homomorphism p : 
Z"* with p( A) = must be non-injective on r. To describe the 
set of all such homomorphisms let us say that a subdivision 

r = Ti U . . . U Tjv 
is A -fitted, if for any j we have 

E ^« = 0- 

For any A-fitted subdivision § consider the subgroup L(§) C Hom(Z", 
consisting of all homomorphisms /i : Z" — )■ Z such that h. | is 
constant for every i. Then L{E>) is a full subgroup of Hom(Z",Z). 
Observe that L{§) is a proper subgroup since every contains at 
least two elements. It is clear that a homomorphism p : Z" — >■ Z"* 
belongs to S if and only if p is constant on each component Fj of a 
A-fitted subdivision of A, that is, p \z L(S). □ 

8. The twisted Novikov Betti numbers 

Let X be a finite connected CW complex and p : 7Ti{X) GL{1, R) 
be a representation (where R is an integral domain). We will discuss 
several numericcil invariants deduced from p. Denote 7ri(X) by G, 
and rki?i(X, Z) by n. The chain complex of the universal cover X 
has a natural structure of a left G-module; it will be convenient to 
consider on it a right G-action x • g = g~^{x). Our first numerical 
invariant is the twisted Betti number of X with respect to p: 

bk{X,p) = dim{H}i?fe(c*(X) {Ryy 
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Denote by the projection of G onto G/Tors « Z". We obtain two 
representations 

G 




GL{l,R) 

Let p° : G ^ GL{1, L^) denote the tensor product of these two repre- 
sentations (where Ln = is the ring of Laurent polynomials in 
n variables) and put 

Denote X x the maximal free abelian covering of X; we will 

consider bl{X,p) as the Betti number of X with p-twisted coeffi- 
cients. 

Let p : ^ Z"^ be a homomorphism. Consider the tensor product 
of representations p and p o <p: 

pp = p® {po cf)) : G ^ GL(f, Lm) 

and let 

bkiX,p;p) = dim^L^y HjciX) (g) {LmY) 
It is not difficult to see that 

(14) bk(X,p;p) ^ bl{X,p) for every p; 

(15) bk{X,p) ^bliX,p). 

Theorem 17.31 of the previous section implies the following. 

Proposition 8.1. Let k ^ 0,q > 0. Then there is a finite family of 
proper full subgroups Gi C Hom(Z", Z) suchthatforp G Hom(Z", Z"^) 
the condition 

bk{X,p;p) ^bl{X,p)+q 
is equivalent to the following condition: p \z Gifor some i. 

Proceeding to the Novikov homology, let us first recall the defini- 
tion of the Novikov ring. Let ry : Z"^ ^ M be a group homomorphism. 
The Novikov completion Lm,r) of the ring Lm = i?[Z"^] with respect 
to T] is defined as the set of all series of the form A = J2g "^gO (where 
g E G and Ug G R) satisfying the following condition of finiteness in 
the direction corresponding to ry: 

Lm,r) — {^^ V C G M, the set supp A n t7~-^([C, oo[) is finite |. 
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In general the ring im,r7 is rather complicated, however if 77 is a 
monomorphism, this ring is Euclidean by a theorem of J. -CI. Sikorav 
(see |14|, Th. 1.4). 
Let ^ : G ^ M be a homomorphism. We can factor it as follows: 

(16) G ^ifi(X,Z)/Tor's^^Z" 




where p is an epimorphism and ^ is a monomorphism. The Novikov 
completion of the ring R[Z"^] with respect to ^ will be denoted by 
Lrn,^', this ring is principal. Denote by the composition 

G GL{r,Lm) ' GL(Z,£^,^). 

Definition 8.2. (ID, QS)) The £^,^-module 

Pv 

is called the p-twisted Novikov homology of X with respect to ^. The 
rank and the torsion number of its fc-th component are denoted re- 
spectively by and 

The geometric reasons to consider these completions of the module 
C*(X) are as follows. If X is a compact manifold, and a; is a closed 
1-form on M with non-degenerate zeroes, denote by ^ the period 
homomorphism [lj] = ^ : Hi{M,Z) M. The Morse-Novikov theory 
implies the following lower bounds on the number of zeroes of uj : 

Compared to the other versions of the Novikov homology, the twisted 
Novikov homology has the advantage of being computable, and at the 
same time to keep the information about the non-abelian structure 
of G and related invariants. In a recent work |5| S. Friedl and S. 
Vidussi proved that the twisted Novikov homology detects fibredness 
of knots in S^. At present we will need only the simplest part of the 
twisted Novikov homology invariants, namely the twisted Novikov 
Betti numbers. 

Proposition 8.3. Let ^ : G ^ R be a homomorphism and p : G ^ 
GL{1, R) a representation. Then for every k we have 



hu{X,p,p) = hi{X,i) 
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(where p is obtained from the diagram 

Proof. The twisted Betti Novikov number in question equals the 
dimension of 

Pp 

over the field of fractions {L^^} of the Novikov ring. 
The Betti number bk{X, p;p) is the dimension of the vector space 

Pp 

over the field of fractions {Lm}- The inclusion Lm C Lm,^ extends to 
an inclusion of fields {Lm} C {Lm^} and the result follows. □ 

Definition 8.4. For a homomorphism ^ : G ^ R the subgroup ^{G) 
is a free finitely generated abelian group; its rank is called irrational- 
ity degree of $, and denoted Irr^ . In particular Irr^ = 1 if and only if ^ 
is a multiple of a homomorphism G ^ Z. We say that ^ is maximally 
irrational if Irr^ = n. 

Observe that if ^ is maximally irrational, then the homomorphism p 
in the diagram f ll6» is an isomorphism and b^{X, ^) does not depend 
on ^. 

Definition 8.5. The number b^{X,^) where $, is maximally irra- 
tional, will be denoted by bl{X, p). 

It is not difficult to prove that 

(17) p) ^ p) = bliX, p), 

(18) $,) ^ bliX, p) for every ^ : G ^ M. 

Theorem 17.31 of the previous section implies the following. 

Proposition 8.6. Let k ^ 0,q > 0. Then there is a finite family of 
proper full subgroups Gi C Hom(Z"^, Z) such that for the condition 

K{X,0^bliX,p)+q 
is equivalent to the following condition: ^ E \JiGi i^R. 
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9. Homology with local coefficients 

Let us proceed now to the homology with local coefficients. Let 
p \ G ^ GL(n, C) be a representation of G and cx e H^iX, C). The 
cohomology class cx can be considered as a homomorphism cx : G ^ 
C, which can be factored as follows 

(19) G ^/fi(X,Z)/Tors^^Z" 




where p is an epimorphism and 5 a monomorphism. Here m = Irra; 
denote the coordinates of p by pi : IT^ ^ Z, 1 ^ i ^ m. We have cx = 
Zli^i f^iPi' and the numbers cxi E C are linearly independent over Q. 
Recall the exponential and the formal exponential deformations of p: 

7t:G^GL(n,C), 7,(y) = p(^)e*<"'«> (t G C). 

and the corresponding Betti numbers f3kiX, jt), fik{X, 7). 
We will need a simple lemma. 

Lemma 9.1. Let cki, . . . , cxm he complex numbers, linearly indepen- 
dent over Q. Then the power series e"^*, . . . , e"""* G are alge- 
braically independent. 

Proof. If P G C[zi, . . . , Zm] is a polynomial such that P(e"^*, . . . , e"'"*) = 
0, write P = Yl ^i^^ where the sum ranges over multiindices / = 
(fci, . . . , km) G N"^. Denote the string (cki, . . . , cxm) by ex. The series 
C = P(e"^*, . . . , e"""*) is then a finite sum of exponential functions 
of the form a/e*<^'">. Observe that {I,cx) / (J, a) if / / J, smce CK,- 
are linearly independent over Q. Therefore <^ is a finite linear combi- 
nation of exponential functions e*^^ with pairwise different f3i . Thus 
C = implies aj = for all /. □ 

Proposition 9.2. Q We have 

1) (3kiX,jt) = /3fc(X,7) = bkiX,p,p) 

2) Ifcx G H\X, R) then /3fc(X, 7,) = f3k{X, 7) = p) 

Proof. The representation 7 factors through Z"* as follows 

G ^ Z- ^ (C[[t]])* 

Let (ei,...,em) denote the canonical basis in Z"^; then we have 
r(ej) = e*"*. The extension of F to a ring homomorphism Z[Z"^] 



^ A particular case of this proposition corresponding to the vanishing Novikov 
Betti numbers was proved by S. Papadima and A. Suciu in 1161 . 
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C[[t]] is injective by the previous lemma, and therefore can be further 
extended to a homomorphism 

r : {Lm} C((t)) 
of the fraction fields. Therefore 

dim{i^}ifJa(X)0{X^y) = dimc((t))iffc(a(X)®{X^}'0C((t))) 

and the point 1) is proved. The point 2) follows from 1) and Proposi- 
tion [831 □ 
The next proposition follows immediately. 

Proposition 9.3. Let k ^ 0,q > 0. Then there is a finite family of 
proper full subgroups d C Hom(Z", Z) such that for the condition 

is equivalent to the following condition: ^ G Ui ^• 

10. Formal and hyperformal spaces II : the jump loci 

Let X be a manifold, p : 7ri(X) GL(n, C) a representation, 
and CK G C). In this section we assume that the spectral 

sequences ^* and =Sf * associated to the triple {X, p, a) degenerate 
at their second term, so that 

J^*{X,p,a) « Sf;iX,p,a) « 'H*(^H*{X,p),a 

According to Section [6] this holds in particular when X is a Kahler 
manifold and p a semi-simple representation. The following theorem 
follows from Theorem 15. 1[ together with Propositions 18. 3[ 19. 2i 

Theorem 10.1. 1) (3k{X,^) = /3fc(X,7gen) = B'^(/f*(X, p), a). 
2) If a. G H^{X,R) then 

b^iX, a) = f3kiX, 7) = B\H*{X, p),cx). □ 

We deduce the following result concerning the jump loci of the 
Betti numbers: 

Proposition 10.2. Let k ^ 0,q > 0. Then there is a finite family of 
proper full subgroups Gi C Hom(Z'^,Z) such that each of the following 
conditions (i), (ii) 

(20) f3kiX,j) ;^bliX,p)+q; 

(21) B\H*iX,p),a) ^bliX,p) + q 
is equivalent to the condition a G [jiGi<^ C. 
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Forcx G M) each of the following conditions (i), (ii) 

(22) bUX,0;,bl{X,p) + q; 

(23) B''{H*{X, p), a) ^ p) + q 

is equivalent to the condition cx ^ [j-Gi <^R. □ 
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